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$\frac{d^{2}r}{dt^{2}}=\frac{dr}{dt}\cross B-\frac{\partial U}{\partial r}$ ,
$B=- \mu\frac{r}{r^{3}}$ , $U(r)=- \frac{k}{r}+\frac{\mu^{2}}{2r^{2}}$
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$r=|r|$ $\mu,$ $k$ $(k>0)$ . $\mu=0$ Kepler
2 $J$ Runge-Lenz $R$







$T^{*}(R^{3}-\{0\})$ $\pi$ : $R^{4}-\{0\}arrow R^{3}-\{0\}$
$SO(2)\cong U(1)$ $U(1)$
$T(t)=(\begin{array}{ll}R(t) 00 R(t)\end{array})$ , $R(t)=(\begin{array}{ll}cost/2 -sint/2sint/2 cost/2\end{array})$
$x T(t)x$ , $x\in R^{4}$
$R^{3}-\{0\}$ $(q_{k}),$ $k=1,2,3$
$\pi$
$(\begin{array}{l}q_{1}q_{2}q_{3}0\end{array})=(\begin{array}{llll}x_{3} x_{4} x_{1} x_{2}x_{4} -x_{3} -x_{2} x_{1}x_{1} x_{2} -x_{3} -x_{4}-x_{2} x_{1} -x_{4} x_{3}\end{array})(\begin{array}{l}x_{1}x_{2}x_{3}x_{4}\end{array})$
$U(1)$ symplectic $T$ “ $(R^{4}-\{0\})$
$(x, y)(T(t)x, T(t)y)$ , $(x, y)\in(R^{4}-\{0\})\cross R^{4}$
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symplectic
$d \theta=\sum_{j=1}^{4}dy_{j}\wedge dx_{j}$ , $\theta=\sum_{j=1}^{4}y_{j}dx_{j}$




$\pi_{\mu}$ : $\Phi^{-1}(\mu)arrow P_{\mu}$ $:=\Phi^{-1}(\mu)/U(1)$
$T^{*}(R^{3}-\{0\})\cong(R^{3}-\{0\})\cross R^{3}$
$(q,p)\in(R^{3}-\{0\})\cross R^{3}$ $q$
$(\begin{array}{l}p_{1}p_{2}.p_{3}\Phi/r\end{array})=\frac{1}{2r}(\begin{array}{llll}x_{3} x_{4} x_{1} x_{2}x_{4} -x_{3} -x_{2} x_{1}x_{1} x_{2} -x_{3} -x_{4}-x_{2} x_{1} -x_{4} x_{3}\end{array}) (\begin{array}{l}y_{1}y_{2}y_{3}y_{4}\end{array})$




2 1 $B=-\mu r/r^{3}$
MIC-Kepler symplectic $(T^{*}(R^{3}-\{0\}), \sigma_{\mu})$
Hamiltonian $H_{\mu}$ $T^{*}(R^{4}-\{0\})$ Hamiltonian




Hamiltonian $i(X_{H_{\mu}})\sigma_{\mu}=-dH_{\mu}$ Hamiltonian $X_{H_{\mu}}$
$i(\cdot)$ ( )






$x_{1}+ix_{2}= \sqrt{r}\cos\frac{\theta}{2}e^{\dot{\iota}\frac{\psi+\phi}{2}}$ , $x_{3}+ix_{4}= \sqrt{r}\sin\frac{\theta}{2}e^{\dot{\iota}\frac{\psi-\phi}{2}}$
$(r, \theta, \phi, \psi)$ $r>0,0\leq\theta\leq\pi,$ $0\leq\emptyset\leq 2\pi,$ $0\leq\psi\leq$
$4\pi$ . $m$



























$A=p\cross J-\kappa\underline{r}$ $\kappa=const$ . of motion
$r$
( $\kappa$
) $f,$ $g,$ $\kappa$ [5]




$ds_{I\backslash ’}^{2}= \frac{a+br}{r}(dr^{2}+r^{2}(d\theta^{2}+\sin^{2}\theta d\phi^{2}))+\frac{ar+br^{2}}{1+cr+dr^{2}}(d\psi+\cos\theta d\phi)^{2}$
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Kepler Taub-NUT $4m=a/b,$ $c=2b/a,$ $d=$
$(b/a)^{2}$
$f(r)=1+ \frac{4m}{r}$ , $g(r)= \frac{(4m)^{2}}{1+4m/r}$
Taub-NUT
Kepler $(T^{*}(R^{3}-\{0\}), \sigma_{\mu}, K_{\mu})$ Hamiltonian
$K_{\mu}= \frac{r}{a+br}(\frac{1}{2}\sum_{k=1}^{3}p_{k}^{2}+\frac{\mu^{2}}{2r^{2}}+\frac{c\mu^{2}}{2r}+\frac{d\mu^{2}}{2})$















(Bertrand ) [6] Bertrand
Bertrand
Taub-NUT




$f(r),g(r)$ $a,$ $b,$ $c,$ $d$
$f(r)= \frac{a+br}{r}$ $g(r)= \frac{(a+br)r}{1+cr+dr^{2}}$
$f(r)=ar^{2}+b$ , $g(r)= \frac{(ar^{2}+b)r^{2}}{1+cr^{2}+dr^{4}}$
Kepler ( 1) (
2) [7] $r$
\phi \Delta \phi Kepler \triangle \phi =\pi
$\Delta\phi=\pi/2$ $f(r),$ $g(r)$
4









(2) $ds_{K}^{2}$ Einstein $c=2b/a,$ $d=(b/a)^{2}$
Ricci-flat Taub-NUT
(3) $ds_{K}^{2}$ Riemann $c=$
$2b/a,$ $d=(b/a)^{2}$
(4) $ds_{K}^{2}$ Weyl $2+cr>0$
$d=c^{2}/4$








3 $m_{1},$ $m_{2},$ $m_{3}$
3 $h_{1},$ $h_{2},$ $h_{3}$ $R^{2}$
$e_{1},$ $e_{2}$ $z_{1},$ $z_{2},$ $z_{3}$
$z_{k}=(h_{k}, e_{1})+i(h_{k}, e_{2})$ , $k=1,2,3$
$i$ V $(, )$ $R^{2}$




$V(\xi)$ $(T^{*}(R^{4}-\{0\}), \Sigma_{j=1}^{4}d\eta_{j}\wedge d\xi^{j}, H_{4})$
\eta j $\xi^{j}$ Hamiltonian $H_{4}$
$H_{4}= \frac{1}{2}\sum_{j=1}^{4}\eta_{j}^{2}+V(\xi)$
$V(\xi)$ U(l)- ( $U(1)$ ) 3
$(r, \theta, \phi, \psi)$ $V(\xi)$ $\psi$
2 3 $(T^{*}(R^{3}-\{0\}), \sigma_{\mu}, H_{3})$
Hamiltonian $H_{3}$
$H_{3}=2r \sum_{j=1}^{3}p_{j}^{2}+\frac{2\mu^{2}}{r}+V(r, \theta, \phi)$
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$F$ $L_{j}$ $Q_{j}$ $\pi_{\mu}^{*}F_{\mu}=$
$\iota_{\mu}^{*}F$ $J$ Runge-Lenz
$R$





\Delta \phi $\Delta\phi=2\pi$ 2




( $r= \sum(\xi^{j})^{2}$ ) 4 Kepler Hamiltonian 4
Kepler
$L_{jk}=\xi^{j}\eta_{k}-\xi^{k}\eta_{j}$ , $j,$ $k=1,2,3,4$ ,
$A_{j}= \sum_{k=1}^{4}L_{jk}\eta_{k}+\frac{b_{0}\xi^{j}}{\sqrt{r}}$ $j=1,2,3,4$ .









$J$ $\pi_{\mu}^{*}G_{k}=\iota_{\mu}^{*}B_{k}$ $G_{k}$ 2-fold Kepler
Runge-Lenz
$G= \alpha r+\beta p+\frac{16\mu}{r}(r,p)^{2}J$
$\alpha=\frac{b_{0}^{2}}{2r}+\frac{4H_{3}|J|^{2}}{r}+\frac{4b_{0}(r,p)^{2}}{r\sqrt{r}}$
$\beta=-4(r,p)(4|J|^{2}+b_{0}\sqrt{r})$




















\alpha $\alpha=1$ 4 Kepler
$\alpha=2$ $\alpha=1/2$ 6
2-fold Kepler
3 rationally-fold Kepler Rationally-fold
Kepler 4 rationally-fold Kepler
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